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Agenda for the Day
Credit Risk: Predict, not Estimate
⇒ Individualized/Conditional models.
⇒ Adapt the ERM approach.
Empirical Risk Minimization with Reweighting
⇒ Correct for censoring by the inverse probability of censoring,
derive generalization bounds.
Survival Normalizing Flows
⇒ Flexible generative model for survival.
⇒ Tractable likelihood.
Gradient Based Approach to Dimension Reduction
⇒ Estimate the gradient, select variables.
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Credit Risk:
Predict, not Estimate



Credit Risk at BNP Paribas
BNP Paribas manages a porfolio of credits.
⇒ accumulation of risky assets.
⇒ Regulator requires Capital to survive losses.
Portfolio Management’s role is measuring and reducing this risk.

Exp. Unexp. Stressed
Losses

𝑝 L
os
se
s

Capital = LGD × (Φ(√ 1
1 − 𝑅Φ

−1(𝑝) + √
𝑅

1 − 𝑅Φ
−1(0.999)) − 𝑝).

(Embrechts, Klüppelberg, and Mikosch 1997; Basel Committee 2019)
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Approaches for the Estimation of 𝑝
Structural Risk Models (Merton 1974)
⇒ Rigid structure. Calibration on market data needed.

Market Approach (using CDS Bielecki and Rutkowski 2004)
⇒ CDS inexistent or illiquid.

Aggregated Portfolio Models (Lopez and Saidenberg 1999)
⇒ Not Individual / Conditional.

Individual Models (Avesani, Liu, and Mirestean 2006)
⇒ Usually classification problems. Arbitrary discretization and
severe class imbalance.
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Censored Observations
Not a classification problem, a time-to-event problem.
Only observe (𝑇, 𝛿, 𝑋), not (𝑌, 𝑋).

End of Time

𝑇 = min(𝑌, 𝐶)

𝛿 = 1𝑌≤𝐶 = {
1 if 𝑌 ≤ 𝐶
0 otherwise.

Also: left-censoring, left/right truncations.
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What to estimate?

Hazard 𝜆

PDF 𝑝

Survival 𝑆

CDF 𝐹

Cumulative
Hazard ΛdΛ

d𝑡∫
𝑡

0
𝜆 d𝑠

exp(−Λ) − log(𝑆)

1 − 𝑆
d𝐹
d𝑡∫

𝑡

0
𝑝 d𝑠

𝑝
𝑆𝜆 × 𝑆
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Non-Parametric Approach
Leads to the Kaplan-Meier estimator of 𝑆 and Nelson-Aalen
estimator of Λ:

𝑆̂𝑛(𝑡) =
𝑛
∏
𝑖=1
(1 −

𝛿[𝑖]
𝑛 − 𝑖 + 1)

1𝑇[𝑖]≤𝑡

Λ̂𝑛(𝑡) =
𝑛
∑
𝑖=𝑖

𝛿𝑖1𝑇𝑖≤𝑡
∑𝑛𝑗=1 1𝑇𝑗>𝑇𝑖

.

𝑇[𝑖] ordered time (Andersen et al. 1993; Fleming and Harrington 1991).

Can also be conditioned with kernel K:

Λ̃𝑛(𝑡 ∣ 𝑋 = 𝑥) =
𝑛
∑
𝑖=𝑖

𝛿𝑖1𝑇𝑖≤𝑡𝐾(𝑥 − 𝑋𝑖)

∑𝑛𝑗=1 1𝑇𝑗>𝑇𝑖𝐾(𝑥 − 𝑋𝑗)
,

(van Keilegom 1998)
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Parametric Approach

𝐿 ∝
𝑛
∏
𝑖=1

𝑝(𝑇𝑖 ∣ 𝜃)
𝛿𝑖𝑆(𝑇𝑖 ∣ 𝜃)

1−𝛿𝑖 .

0 1 2 3 4 50
0.5
1

1.5

𝛿 = 1 𝛿 = 0

⋅ × 𝑆(𝑇)1−𝛿

⋅ × 𝑝(𝑇)𝛿

Can learn parametric estimators, e.g. (Cox 1972):
𝜆(𝑡 ∣ 𝑋) = 𝜆0(𝑡) exp(𝜃

⊺𝑋),

𝐿 = ∑
𝑖∶𝛿𝑖=1

(𝜃⊺𝑋𝑖 − log ∑
𝑗∶𝑇𝐽≥𝑇𝑖

exp(𝜃𝑋𝑗)),
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Prediction, not estimation
Not interested in estimating the distribution, only to predict 𝑌 = 𝑓(𝑋)
the event.

∫𝜑(𝑦, 𝑥) 𝑝(𝑦 ∣ 𝑥)֗
Objective

d𝑦
֌֋֋֋֋֋֍֋֋֋֋֋֎

By-Product

𝑓(𝑥) = ∫𝜑(𝑦, 𝑥) 𝑝(𝑦 ∣ 𝑥)֗
By-Product

d𝑦
֌֋֋֋֋֋֋֋֋֋֍֋֋֋֋֋֋֋֋֋֎

Objective

.

One approach, the risk minimization framework:
𝑓∗ = argmin

𝑓
𝔼[𝐿(𝑌, 𝑓(𝑋))]

Minimizes a loss 𝐿, e.g.
𝑓(𝑥) = 𝔼[𝑌 ∣ 𝑋 = 𝑥] = argmin𝔼[(𝑌 − 𝑓(𝑋)2)].
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Y is unknown.
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Empirical Risk Minimization
with

Reweighting



Inverse Probability Reweighting
True time-to-event is unknown.

𝑅(𝑓) = 𝔼[(𝑌 − 𝑓(𝑋))2]
Conditioning
=============⇒ 𝑅(𝑓) = 𝔼[𝛿(𝑇 − 𝑓(𝑋))

2

𝑆𝐶(𝑇− ∣ 𝑋)
].

𝑅𝑛(𝑓) =
𝑛
∑
𝑖=1
(𝑌𝑖 − 𝑓(𝑋𝑖))

2 =============⇒ 𝑅𝑛(𝑓) =
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖(𝑇𝑖 − 𝑓(𝑋𝑖))
2

𝑆𝐶(𝑇𝑖− ∣ 𝑋𝑖)
.
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Learn on Censored Learn on Observed Learn on Reweighted
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Prior Work
Can be seen as a weighted ERM problem:

𝑛
∑
𝑖=1

𝜔𝑖(𝑇𝑖 − 𝑓(𝑋𝑖))
2 with 𝜔𝑖 =

𝛿𝑖
𝑆𝐶(𝑇𝑖− ∣ 𝑋𝑖)

.

Results assume that 𝜔𝑖 is known (Cortes, Mansour, and Mohri 2010).IPCW approach studied asymptotically and with strong 𝑌 ⟂⟂ 𝐶
hypothesis.

∫𝜑(𝑡, 𝑥) d𝐹𝑛(𝑡 ∣ 𝑥) ≔
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 ∣ 𝑋𝑖)
𝑆̂𝐶,𝑛(𝑇𝑖)

,

Stute and J.-L. Wang 1993; Stute 2003, 1995b,a, 1993b,a, 1996 and
non-asymptotic but non-uniform results Dabrowska 1989, 1988, 1986.
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Kernel Estimators of the (sub-) Survival
Use a kernel conditional estimator in the style of Kaplan-Meier:

Λ̂𝐶,𝑛(𝑢 ∣ 𝑥) = −∫
𝑢

0

∑𝑛𝑖=1 𝐾ℎ(𝑥 − 𝑋𝑖)1𝑇𝑖>d𝑠, 𝛿𝑖=0
∑𝑛𝑖=1 𝐾ℎ(𝑥 − 𝑋𝑖)1𝑇𝑖>𝑠−

,

𝑆̂𝐶,𝑛(𝑢 ∣ 𝑥) =∏
𝑠≤𝑢

(1 − dΛ̂𝐶,𝑛(𝑠 ∣ 𝑥)),

Plug it in the loss:

𝑅̃𝑛(𝑓) =
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖(𝑇𝑖 − 𝑓(𝑋𝑖))
2

𝑆̂𝐶,𝑛(𝑇𝑖− ∣ 𝑋𝑖)
.

Problem: Not an i.i.d. sum.
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Uniform control of the excess risk
Ausset, Clémençon, and Portier 2021a, Theorem 2.9
Suppose that 𝑌 ⟂⟂ 𝐶 ∣ 𝑋 and 𝐹 is a bounded VC class. There exist
constants ℎ0, 𝑀1, 𝑀2 and 𝑀3, such that, for all 𝑛 ≥ 2 and 𝜀 ∈ (0, 1), theevent

|𝑅(𝑓̃𝑛) − 𝑅(𝑓
⋆)| ≤ 𝑀1(√

log(𝑀2/𝜀)
𝑛 +

| log(𝜀ℎ𝑑/2)|
𝑛ℎ𝑑

+ ℎ2),

occurs with probability greater than 1 − 𝜀 provided that ℎ ≤ ℎ0,
𝑛ℎ2𝑑 ≥ 𝑀3|log(𝜀ℎ

𝑑)|.
Same rates as without censoring !

Faster rates than expected.
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Uniform control of the survival function
Ausset, Clémençon, and Portier 2021a, Theorem 2.6
Suppose that 𝑌 ⟂⟂ 𝐶 ∣ 𝑋 and 𝑥 ↦ 𝐻(𝑢 ∣ 𝑥), 𝑥 ↦ 𝐻0(𝑢 ∣ 𝑥) and
𝑥 ↦ 𝑔(𝑥) are smooth. Then, there exist constants 𝑀1 > 0, 𝑀2 > 0 and
ℎ0 > 0 such that, for all 𝜀 ∈ (0, 1), we have with probability greaterthan 1 − 𝜀:

sup
(𝑡,𝑥)∈𝛾𝑏

|𝑆̂𝐶,𝑛(𝑡 ∣ 𝑥) − 𝑆𝐶(𝑡 ∣ 𝑥)| ≤ 𝑀1{√
|log(ℎ𝑑/2𝜀)|

𝑛ℎ𝑑
+ ℎ2},

as soon as ℎ ≤ ℎ0 and 𝑛ℎ𝑑 ≥ 𝑀2|log(ℎ
𝑑/2𝜀)|.
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Proof idea: Linearize
We want to control the random process

𝑍𝑛(𝜑) = (
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 , 𝑋𝑖)

𝑆̂(𝑖)𝐶,𝑛(𝑇𝑖− ∣ 𝑋𝑖)
) − 𝔼[𝜑(𝑌, 𝑋)]

֌֋֋֋֋֋֋֋֋֋֋֋֋֋֍֋֋֋֋֋֋֋֋֋֋֋֋֋֎
Not an i.i.d. sum.

, 𝜑 ∈ Φ,

Linearize by Taylor extensions:
𝑍𝑛(𝜑) = 𝐿𝑛(𝜑) + 𝑀𝑛(𝜑) + 𝑅𝑛(𝜑)

Where
𝐿𝑛(𝜑), a centered i.i.d. sum.
𝑀𝑛(𝜑), sum of centered i.i.d. sum, bias term, 𝑈-statistics and
residual.
𝑅𝑛(𝜑), a residual.
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Proof idea: Control Independent Parts

𝐿𝑛(𝜑) =
1
𝑛

𝑛
∑
𝑖=1
(𝛿𝑖

𝜑(𝑇𝑖 , 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)

− 𝔼[𝛿 𝜑(𝑇, 𝑋)
𝑆𝐶(𝑇 ∣ 𝑋)

]),

𝑀𝑛(𝜑) = −
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 , 𝑋𝑖)
𝑎̂(𝑖)𝑛 (𝑇𝑖 ∣ 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)

,

𝑅𝑛(𝜑) =
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 , 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)

(−𝑏̂(𝑖)𝑛 (𝑇𝑖 ∣ 𝑋𝑖) +

(𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖) − 𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖))

2

𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖)

).
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,
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1
𝑛
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∑
𝑖=1
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∑
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(𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖) − 𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖))

2

𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖)

).
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Proof idea: Control Independent Parts

𝐿𝑛(𝜑) =
1
𝑛

𝑛
∑
𝑖=1
(𝛿𝑖

𝜑(𝑇𝑖 , 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)

− 𝔼[𝛿 𝜑(𝑇, 𝑋)
𝑆𝐶(𝑇 ∣ 𝑋)

])
֌֋֋֋֋֋֋֋֋֋֋֋֋֋֋֋֍֋֋֋֋֋֋֋֋֋֋֋֋֋֋֋֎

i.i.d. centered sum, 1/√𝑛

,

𝑀𝑛(𝜑) = − 1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 , 𝑋𝑖)
𝑎̂(𝑖)𝑛 (𝑇𝑖 ∣ 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)֌֋֋֋֋֋֋֋֋֋֋֍֋֋֋֋֋֋֋֋֋֋֎

Decompose in U-statistic and residual.

,

𝑅𝑛(𝜑) =
1
𝑛

𝑛
∑
𝑖=1

𝛿𝑖𝜑(𝑇𝑖 , 𝑋𝑖)
𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)
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(𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖) − 𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖))

2

𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)𝑆̂
(𝑖)
𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖)

).
֌֋֋֋֋֋֋֋֋֋֋֋֋֋֍֋֋֋֋֋֋֋֋֋֋֋֋֋֎

Residual.
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Proof idea: Tools
1 Control deterministic parts by integration results.
⇒ use e.g. Delyon and Portier 2016

2 Control VC class of functionals involved.
⇒ use Giné and Guillou 2001; Giné and Sang 2010.

3 Control variations of 𝑀 / 𝑈-statistics.
⇒ use Major 2006.

4 Bound the residuals.
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Experimental Results

Kernel
𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆̂Kern𝐶,𝑛 (𝑇𝑖 ∣ 𝑋𝑖)
LOO

𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆̂(𝑖)Kern𝐶,𝑛 (𝑇𝑖 ∣ 𝑋𝑖)

Forest
𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆̂RF𝐶,𝑛(𝑇𝑖 ∣ 𝑋𝑖)
Stute

𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆̂KM𝐶,𝑛(𝑇𝑖)

KNN
𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆̂(𝑖)KNN𝐶,𝑛 (𝑇𝑖 ∣ 𝑋𝑖)
Oracle

𝑛
∑
𝑖=1

𝛿𝑖
(𝑇𝑖 − 𝑓(𝑋𝑖))

2

𝑆𝐶(𝑇𝑖 ∣ 𝑋𝑖)
,

Naive
𝑛
∑
𝑖=1
(𝑇𝑖 − 𝑓(𝑋𝑖))

2 Observed
𝑛
∑
𝑖=1

𝛿𝑖(𝑇𝑖 − 𝑓(𝑋𝑖))
2.
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Experimental Results

100 200 300 500 1000 2000 3000 4000 50000
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𝐸 𝑛
(𝛽
)
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IPCW Forest Naive IPCW Oracle

IPCW
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Experimental Results: Synthetic Dataset
Method 𝑝 = 3/4 𝑝 = 1/2 𝑝 = 1/4

Sc
ik
it

Su
rv
iv
al

Survival Gradient Boosting 3.19 3.55 3.61
Cox Proportional Hazards 7.86 7.61 7.03
Coxnet 7.62 7.39 6.85
Kernel Survival SVM 4.02 3.92 4.13
Survival SVM 4.04 4.09 3.94
Hinge Loss Survival SVM 8.10 8.28 8.09
Minlip Survival SVM 3.27 3.96 4.22
Random Survival Forest 2.01 2.94 2.78

Sc
ik
it

Le
ar
n Ridge + IPCW 𝟏.𝟕𝟓 𝟏.𝟒𝟗 𝟏.𝟐𝟒

Kernel Ridge + IPCW 2.07 1.60 1.35
Linear Regression + IPCW 1.81 𝟏.𝟒𝟗 𝟏.𝟐𝟒
Random Forest + IPCW 1.85 1.57 1.36
SVR + IPCW 1.87 1.66 1.42
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Survival Normalizing Flows



More Flexible Estimators of the Survival
IPCW depends on 𝑆̂𝐶,𝑛 .
⇒ Need better estimators.
Complex unstructured (e.g. text) in finance.
⇒ Neural Estimators.
Simulations required in finance.
⇒ Generative models.
Bayesian modelling for low data regime.
⇒ Tractable likelihood needed.
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The Change of Variable Theorem.
Model the survival 𝑌 as the mapping of a latent variable:

𝑌 = 𝑚(𝑍, 𝑋).

If 𝑚, 𝐶1-diffeomorphism, change of variable theorem (Rezende and
Mohamed 2015):

log 𝑝𝑌(𝑡) = log 𝑝𝑍(𝑧) − log|det
𝜕𝑚𝜃
𝜕𝑧 |.

Problem: Computing determinant expensive ( 𝑂(𝑛3) )
Solution: Triangular Jacobian
(Kingma and Dhariwal 2018; Papamakarios, Pavlakou, and Murray
2018; Wehenkel and Louppe 2021; Durkan et al. 2019)
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Discrete Normalizing Flows
New Problem: 𝑚 too simple.
New New Solution: Compose many 𝑚.

𝑌 = 𝑚𝜃,𝐾 ∘ … ∘ 𝑚𝜃,0(𝑍),

log 𝑝𝑌(𝑡) = log 𝑝𝑍(𝑧) −
𝐾
∑
𝑖=0

log|det
𝜕𝑚𝜃,𝑖

𝜕𝑧𝑖
|.

𝑧0𝑧 = 𝑧1
𝑚𝜃,1 𝑧𝑖 𝑧𝑖+1

𝑚𝜃,𝑖+1… 𝑧𝑘… = 𝑦

𝑧0 ∼ 𝑝0(𝑧0) 𝑧𝑖 ∼ 𝑝𝑖(𝑧𝑖) 𝑧𝑘 ∼ 𝑝𝑘(𝑧𝑘)
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Continuous Normalizing Flows
Other solution: continuous change of variable theorem:

{
𝑧𝑖+1 = 𝑚𝜃,𝑖(𝑧𝑖)
log 𝑝(𝑧𝑖+1) − log 𝑝(𝑧𝑖)

𝑖 + 1 − 𝑖 = − log|
𝜕𝑚𝜃,𝑖

𝜕𝑧 |
⇒ {

𝜕𝐳𝜃
𝜕𝑡 = 𝑚𝜃(𝐳𝜃(𝑡), 𝑡)

𝜕 log 𝑝(𝐳𝜃(𝑡))
𝜕𝑡 = − tr

𝜕𝑚𝜃
𝜕𝐳

Trace costs 𝑂(𝑛). Invertibility not needed explicitly.

𝜕
𝜕𝑡 [

𝐳𝜃(𝑡)
log 𝑝(𝑦) − log 𝑝(𝐳𝜃(𝑡))

] = [
𝑚𝜃(𝐳𝜃(𝑡), 𝑡)

− tr
𝜕𝑚𝜃
𝜕𝐳

]

[ 𝐳𝜃(1)
log 𝑝(𝑦) − log 𝑝(𝐳𝜃(1))

] = [𝑦0].

Solve ODE. Reverse dynamics to invert. (Chen et al. 2018)
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Conditional Survival Normalizing Flows
Ausset, Ciffreo, et al. 2021

𝐿 ∝
𝑛
∏
𝑖=1

𝑝(𝑇𝑖 ∣ 𝑋, 𝜃)
𝛿𝑖𝑆(𝑇𝑖 ∣ 𝑋, 𝜃)

1−𝛿𝑖 .

Compute 𝑝(𝑇𝑖 ∣ 𝑋, 𝜃) by ODE.
Compute 𝑆(𝑇𝑖 ∣ 𝑋, 𝜃) on latent: 𝑆𝑌(𝑌𝑖 ∣ 𝑋) = 𝑆𝑍(𝑀−1

𝜃 (𝑌𝑖 , 𝑋)).
Differentiate 𝐿 using method of adjoints (Cao et al. 2003;
Rackauckas, Ma, Dixit, et al. 2018).

Introduce conditional version of 𝑚:
𝑚𝜃(𝐳𝜃(𝑡, 𝑥), 𝑡, 𝑥) = ∑

𝑖
𝜋𝜃,𝑖(𝑥)֔

Precompute.
𝜎𝜃,𝑖(𝑡)𝑚𝜃,𝑖(𝐳𝜃(𝑡, 𝑥))֌֋֋֋֋֍֋֋֋֋֎

Adaptive solver.
.

⇒ Can be trained on a GPU.
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Survival Flows on Real Data.
Compared to SOTA on the Concordance

𝐶(𝑆) =
∑𝑖 ∑𝑗 𝛿𝑗1𝑆(𝑋𝑗)>𝑆(𝑋𝑖)1𝑇𝑗≤𝑇𝑖

∑𝑖 ∑𝑗 𝛿𝑗1𝑇𝑗≤𝑇𝑖
,

Concordance
Method Support WHAS RGBSG Metabric
This work 0.61678 0.86059 𝟎.𝟔𝟖𝟒𝟔𝟒 𝟎.𝟔𝟒𝟖𝟕𝟗
DeepSurv 𝟎.𝟔𝟏𝟖𝟑𝟏 0.86262 0.66840 0.64337
RSF 0.61302 𝟎.𝟖𝟗𝟑𝟔𝟐 0.65119 0.62433
Cox PH 0.58287 0.81762 0.65775 0.63062
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Portfolio Optimization
𝑛
∑
𝑖=1

𝜔𝑖𝑐𝑖 , with 𝐿(𝜔) =
𝐾
∑
𝑖=1

𝜔𝑖(𝑙𝑖1𝑌𝑖≤𝑑𝑖 − 𝑐𝑖).

Criterion: ES𝛼(𝜔) = ∫
𝛼

−∞
𝐹−1𝐿(𝜔)(𝛾) d𝛾

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 50

0.5

1

VaR

ES𝑝 L
os
s

(Artzner et al. 1999; Embrechts, Klüppelberg, and Mikosch 1997)
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From Expected Shortfall to LP
ES𝛼(𝜔) solution of LP ⇒ Portfolio Optimization also LP (Rockafellar
and Uryasev 2002).

argmin
𝜔,𝛽

𝛽 + 1
1 − 𝛼 ∫[𝐿(𝜔) − 𝛽]+𝑝𝐿(𝑦) d𝑦

s.t. 0 ≤ 𝜔 ≤ 1
𝜔⊺𝑐 = 𝑃.

−6 −4 −2 0 2 4 6 8 10
0

0.2
0.4
0.6

Loss

𝑝 l
os
s

Standard
Survival Flows
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Gradient Based Approach to
Dimension Reduction



Supervised vs Unsupervised
Financial (e.g. text) highly dimensional.
Detrimental to predictive / computational performance.

Need to reduce dimension.
Unsupervised Use only 𝑋.
⇒ PCA, VAE, SNE ...

Supervised Use 𝑌 & 𝑋.
⇒ LDA, Representation Learning, Effective Dimension Reduction
(EDR) ≈ Gradient directions.
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Gradient Based EDR
Single-index model:

𝑌𝑖 = 𝑓(𝑋𝑖) = 𝑔(𝐴𝑋𝑖) + 𝜀𝑖 ,

Space spanned by 𝐴 also spanned by gradient.
Retrieve principal components of

𝑀 = 1
𝑛

𝑛
∑
𝑖=1

∇𝑓(𝑋𝑖)∇
⊺𝑓(𝑋𝑖).

(Hristache, Juditsky, and Spokoiny 1998; Hristache, Juditsky, Polzehl,
et al. 2001; Bücher, El Ghouch, and Van Keilegom 2014)
Can be extended to manifolds. (Mukherjee, Wu, and Zhou 2010;
Aswani, Bickel, and Tomlin 2011)
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Local Linear Estimator
𝑓(𝑧) = 𝑓(𝑥) + ∇𝑓(𝑥)⊺(𝑧 − 𝑥) + 𝑜(‖𝑧 − 𝑥‖).

For any point 𝑋𝑖 close to 𝑥,
𝑓(𝑋𝑖) ≈ 𝑓(𝑥) + 𝛽

⊺(𝑋𝑖 − 𝑥)

Idea: Solve ERM on 𝑘-NN neighbourhood ̂𝚤𝑘(𝑥) of 𝑥.

argmin
(𝛼,𝛽)∈ℝ𝑑+1

∑
𝑖∈̂𝚤𝑘(𝑥)

(𝑌𝑖 − 𝛼 − 𝛽
⊺(𝑋𝑖 − 𝑥))

2.

Add LASSO to retrieve sparsity:
argmin
(𝛼,𝛽)∈ℝ𝑑+1

∑
𝑖∈̂𝚤𝑘(𝑥)

(𝑌𝑖 − 𝛼 − 𝛽
⊺(𝑋𝑖 − 𝑥))

2 + 𝜆‖𝛽‖1,

(Fan 1992, 1993)
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Compared to existing approaches
Results exist on local-linear estimators with kernel averaging. (Fan
1993; Fan and Gijbels 1996; Dalalyan, Juditsky, and Spokoiny 2008).
We add:

𝑘-NN neighbourhood.
⇒ Use results from Jiang 2019.
⇒ Control the random radius of 𝑘-NN the balls.
LASSO to retrieve sparsity, improve bounds.

Only mild assumptions:
Boundedness assumptions on density.
Sub-gaussianity of residuals (𝑌 − 𝑓(𝑥)).
Lipschitzianity of residuals.
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Bounds on the Gradient Estimation
Ausset, Clémençon, and Portier 2021b, Theorem 4.1
Suppose that the previous mild assumptions are fulfilled. Let 𝑛 ≥ 1
and 𝑘 ≥ 1 such that 𝜏𝑘 ≤ 𝜏0.

𝜆 = 𝜏𝑘(√2𝜎2
log(16𝑑/𝛿)

𝑘 + 𝐿2𝜏
2
𝑘).

Then, we have with probability larger than 1 − 𝛿,

‖𝛽̃𝑘(𝑥) − 𝛽(𝑥)‖2 ≤ 24
2√|𝑆𝑥|(𝜏

−1
𝑘 √

2𝜎2 log(16𝑑/𝛿)
𝑘 + 𝐿2𝜏𝑘),

as soon as 𝐶1|𝑆𝑥| log(𝑑𝑛𝛿 ) ≤ 𝑘 ≤ 𝐶2𝑛, and 𝜏
2
𝑘 ≤

𝑏2𝑓
𝐶3|𝑆𝑥|𝐿2

∧ 𝜏20, where 𝐶1,
𝐶2 and 𝐶3 are universal constants.
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Gradient Guided Forests
𝑥2

𝑥1

𝑥1 ≤ 2.7

𝑥2 ≤ 1.35

𝑥1 ≤ 1.5

Require: (𝑋, 𝑌): training set, Node: indexes of points in the node
1: ∇𝑟(𝑋𝑖) ← estimated gradient at 𝑋𝑖 , ∀𝑖 ∈ Node using
eq. (4.7)

2: 𝜔 ← ∑𝑖∈Node|∇𝑟(𝑋𝑖)|
3: 𝐾 ← sample √𝑑 dimensions in
{1, …, 𝑑} with probabilities ∝ 𝜔

4: 𝑘, 𝑐 ← best threshold 𝑐 and dimension 𝑘
5: return 𝑘, 𝑐

Exploit locality of variable selection.
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Gradient Guided Forests
Description Loss

Dataset 𝑛 𝑑 RF GGF
Wisconsin 569 30 0.0352 𝟎.𝟎𝟑𝟒𝟓
Heart 303 13 0.128 𝟎.𝟏𝟐𝟒
Diamonds 53940 23 680033 𝟔𝟔𝟒𝟐𝟔𝟓
Gasoline 60 401 0.678 𝟎.𝟓𝟏𝟐
SDSS 10000 8 0.872 ⋅ 10−3 𝟎.𝟕𝟕𝟔 ⋅ 𝟏𝟎−𝟑

Guiding cuts on relevant variables improves performance.
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Blackbox Optimization
𝑥𝑛+1 = 𝑥𝑛 − 𝛾 ∇𝑓(𝑥𝑛 )֔

Unknown

Require: 𝑥0: initial guess, 𝑓: function ℝ𝑑 ↦ ℝ, 𝑀: budget
1: 𝑋 ← 𝑋1, …, 𝑋𝑀 with 𝑋𝑖 ∼ 𝑁(𝑥0, 𝜀 × 𝐼𝑑)
2: 𝑌 ← 𝑓(𝑋) ≔ 𝑓(𝑋1), …, 𝑓(𝑋𝑀)
3: while not StoppingCondition do
4: 𝑟, 𝛿 ← estimated gradient at 𝑥 w.r.t 𝑋, 𝑌 using
eq. (4.7)

5: 𝑋 ← 𝑋, 𝑋1, …, 𝑋𝑀 with 𝑋𝑖 ∼ 𝑁(GradientStep(𝑥, 𝛿), 𝜀 × 𝐼𝑑)
6: 𝑌 ← 𝑓(𝑋)
7: 𝑥 ← argmin𝑋𝑖{𝑓(𝑋𝑖)}
8: end while
9: return 𝑥
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Blackbox Optimization
𝑥𝑛+1 = 𝑥𝑛 − 𝛾 ∇̂𝑛𝑓(𝑥𝑛 )֖

Estimated

Require: 𝑥0: initial guess, 𝑓: function ℝ𝑑 ↦ ℝ, 𝑀: budget
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Blackbox Optimization

𝑓(𝑥) = 100
𝑑−1
∑
𝑖=1
(𝑥𝑖+1 − 𝑥𝑖)

2 + (𝑥𝑖 − 1)
2.

0 1,000 2,000 3,000 4,000 5,000
0

50

# function evaluations

|𝑓
(𝑥

⋆ )
−
𝑓(
𝑥)
| Ours

Y. Wang et al. 2018
Fan 1992

Our method reuses past computations to improve performance.
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Survival Gradients

argmin
(𝛼,𝛽)∈ℝ𝑑+1

∑
𝑖∈̂𝚤𝑘(𝑥)

𝛿𝑖
𝑆̂𝐶(𝑇𝑖− ∣ 𝑋𝑖)

(𝑇𝑖 − 𝛼 − 𝛽
⊺(𝑋𝑖 − 𝑥))

2 + 𝜆‖𝛽‖1,
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Conclusion & Perspectives



Conclusion & Perspectives
ERM on censored data after reweighting.
⇒ Same rates and non-asymptotic, uniform guarantees.
Adapt flexible neural normalizing flows to survival.
⇒ Can be used with bayesian setting / unstructured data.
Deal with high-dimension by gradient variable selection.
⇒ Local selection of variables.

But still many perpectives:
Going from 𝑋 to 𝑋(𝑡).
Doubly-Robust ERM ?
Scaling survival flows, deploying on textual data.
Local Linear rates depend on 𝑑, can it depend on manifold
dimension 𝑚 ≪ 𝑑?
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Backup



Kernel approximation error bound
Let 𝜔 an open convex subset of ℝ𝑑 . Suppose that 𝑓 is twice
differentiable on 𝜔 such that the greatest eigenvalue of the Hessian
matrix is uniformly bounded by 𝑀 > 0, then, if the kernel 𝐾 is
symmetric, i.e., 𝐾(𝑢) = 𝐾(−𝑢), we have: for all ℎ > 0,

sup
𝑥∈𝜔

|(𝐾ℎ ∗ 𝑓)(𝑥) − 𝑓(𝑥)| ≤
𝑀
2 ℎ

2∫‖𝑧‖2𝐾(𝑧) d𝑧.
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Uniform control of 𝑈-statistics
Let 𝜉1, 𝜉2, … be i.i.d. r.v.s. 𝐻 a class of functions on 𝑆𝑘 uniformly
bounded such that 𝐻 is of VC type with constants (𝐴, 𝑣) and envelope
𝐺. Set 𝜎2(𝐻) = 𝑉[𝐻(𝜉1, …, 𝜉𝑘)] and
𝔼[𝐻(𝜉1, …, 𝜉𝑘)|𝜉1, …, 𝜉𝑗−1, 𝜉𝑗+1, …, 𝜉𝑘] = 0. a.s.

ℙ(‖ ∑
(𝑖1,…,𝑖𝑘)

𝐻(𝜉𝑖1 , …, 𝜉𝑖𝑘)‖𝐻
≤ 𝑡(𝑛, 𝜎, 𝜀)) ≥ 1 − 𝜀,

𝑡(𝑛, 𝜎, 𝜀) = 𝜎𝑛𝑘/2(𝐶1(log(
2‖𝐺‖∞
𝜎 ))

𝑘/2

+ (
log(𝐶2/𝜀)

𝐶3
)
𝑘/2

),

provided that

‖𝐺‖2∞(𝐶
2/𝑘
1 log(

2‖𝐺‖∞
𝜎 ) +

log(𝐶2/𝜀)
𝐶3

) ≤ 𝑛𝜎2,

sup
𝐻∈𝐻

𝜎2(𝐻) ≤ 𝜎2 ≤ ‖𝐺‖2∞.
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Experimental Results
We do not use exactly the estimator studied in order to prevent
problems where 𝑆̂𝐶,𝑛 = 0.

∏
𝑌̃𝑖≤𝑦

𝑌̃𝑖<max𝑗∶𝛿𝑗=0 𝑌𝑗

(1 − 𝛿𝜆̂𝐶,𝑛(𝑇𝑖 ∣ 𝑥)). (1)

100 300 1000 100 300 1000 100 300 1000
10

15

20

𝑝 = 3/4 𝑝 = 1/2 𝑝 = 1/4

Number 𝑛 of training samples.

𝔼[
(𝑌

−
𝑓⋆ 𝑛(

𝑋)
)2
]

0 0.001 0.1 0.3 0.5 TruncationGuillaume Ausset ML for the Prediction of Credit Risk December 2, 2021 54 / 38



Experimental Results
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Figure: Prediction error 𝔼[(𝑌 − 𝑓̃𝑛(𝑋))2] for varying bandwidth ℎ, with 𝐹 arandom forest model, IPCW LOO estimator of 𝑆𝐶 , and data following the Cox
model of eq. (2.28).
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Experimental Results
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Figure: Prediction error 𝔼[(𝑌 − 𝑓̃𝑛(𝑋))2] when 𝐹 is the class of affinefunctions, choosing the IPCW LOO risk estimator and the Cox model of
eq. (2.28) for generating the data.The curves correspond to different floors 𝑏
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Experimental Results: TCGA Cancer Dataset
IPCW Naive Observed

Method 𝐿2 C 𝐿2 C 𝐿2 C
Cox 18.78 0.6095 – – – –
SVR 2.768 0.563 2.796 0.575 2.795 0.543
Lin. Reg. 3.193 0.594 4.971 0.557 3.898 0.508
Ridge 3.193 0.594 4.962 0.557 3.896 0.508
Kernel Ridge 2.683 0.597 2.704 0.592 2.956 0.513
Random Forest 𝟐.𝟓𝟕𝟕 𝟎.𝟔𝟑𝟎 2.636 0.603 2.878 0.542
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Optimizing with Adjoints
Computing the quantities is not enough. We need to be able to
differentiate them. Actually possible “cheaply” by means of the
adjoint method (Cao et al. 2003; Rackauckas, Ma, Martensen, et al.
2020; Rackauckas and Nie 2017; Rackauckas, Ma, Dixit, et al. 2018).

𝐿(𝐮, 𝜃) = ∫
𝑇

𝑡0
𝑙(𝐮(𝑡, 𝜃), 𝜃) d𝑡.

We can then form the adjoint state
𝜕𝜆
𝜕𝑡 =

𝜕𝑙
𝜕𝑢 (𝐮(𝑡, 𝜃), 𝜃) − 𝜆(𝑡)

𝜕𝑝
𝜕𝑢(𝑡, 𝐮(𝑡, 𝜃), 𝜃),

𝜆(𝑇) = 0,

such that
𝜕𝐿
𝜕𝜃 = ∫

𝑇

𝑡0
𝜆(𝑡)𝜕𝑝𝜕𝜃(𝐮(𝑡, 𝜃), 𝜃) +

𝜕𝑙
𝜕𝜃 (𝐮(𝑡, 𝜃), 𝜃) d𝑡 + 𝜆(𝑡0)

𝜕𝐮
𝜕𝜃(𝑡0, 𝜃).
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Local Linear Estimator: Manifold
Even possible to ensure a manifold hypothesis (Mukherjee, Wu, and
Zhou 2010; Aswani, Bickel, and Tomlin 2011).

𝛽̂ = argmin
𝛽̃

{ℎ𝑝‖𝑊 1/2
𝑥0
(𝑌 − 𝑋𝑥0 𝛽̃)‖

2

2
+ 𝜆𝑛‖𝑃̂𝑛 ⋅ 𝛽̃‖

2

2
+ 𝜇𝑛

𝑝

∑
𝑗=1

1
𝑤̂𝛾
𝑗
|𝛽̃𝑗|}
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Hierarchical Modelling of Defaults
Many models on similar distributions: Hierarchical Pooling.
Bayesian Models / MCMC needs:

Sampleable
Tractable Likelihood

𝜃𝑖 ∼ 𝑁(𝜇, Σ)
𝑌 ∣ 𝑋, pop 𝑖 ∼ NF(𝜃𝑖 , 𝑋).
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1
⋅107
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Bounds on the Regressor
Ausset, Clémençon, and Portier 2021b, Theorem 4.2
Suppose that the previous mild assumptions are fulfilled and that
2𝑘 ≤ 𝑛𝜏0𝑏𝑓𝑉𝑑 . Then for any 𝛿 ∈ (0, 1) such that 𝑘 ≥ 4 log(2𝑛/𝛿), we
have with probability 1 − 𝛿:

|𝑟̂𝑘(𝑥) − 𝑟(𝑥)| ≤ √
2𝜎2 log(4/𝛿)

𝑘 + 𝐿1(
2𝑘

𝑛𝑏𝑓𝑉𝑑
)
1/𝑑

,

where 𝑉𝑑 = ∫1𝐵(0,1)(𝑥) d𝑥 denotes the volume of the unit ball.
Weaker condition on 𝑘 than Jiang 2019. Minimax rate.
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